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1. INTR~DUCTI~N 
Dynamic programming is usually regarded as a procedure for computing 
the numerical value of the optimum in a multistage optimization problem. 
However, there are some problems where we are interested not only in a 
numerical solution, but also in an understanding of how the function behaves 
as parameters of the problem change. In particular the asymptotic behavior 
of the optimum for large values of the parameters may be of interest. 
In order to lend motivation to the study of asymptotic behavior, we shall 
describe a dynamic programming problem which arises in number theory, 
and in which asymptotic behavior is of particular interest. We shall call 
this problem the Postage Stamp Problem [I]. 
This problem considers sets of positive integers (postage stamp denomina- 
tions) such that all integers in a given range 1 to R can be written as the sum 
of at most K integers, not necessarily distinct, chosen from the set. Such a 
set of integers is called a base of order q, degree K and range R. We are 
interested in finding bases with a large range R for given values of the order 
q and range k. 
Although the solution of this problem for specific values of q and k is of 
interest to puzzle enthusiasts, 1 the theoretical interest of the problem to 
number theorests lies in the solution of the problem for large values of q and k. 
Thus it is immediately obvious that R cannot be larger than the number of 
combinations of q objects taken k at a time, with repetitions, i.e., 
max R(k, q) < w . 
. . 
1 For instance the problem of finding minimum q for k = 2 and R = 100 was 
posed by Martin Gardner in the Scientific American puzzle section in June 1964. 
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When q 3 K this formula tells us that the upper bound to the rate of 
increase of R is approximately the rate of q”/k! 
In [1] it was shown that a class of “good” bases for the postage stamp 
problem could be generated whose ranges satisfy the following dynamic 
programming formula: 
R(k 4) = h(q) = L,y~,;,z [42f*-,(4/k - 1 + (4 - 2W?c-,(~) + l))l 
Subject to the initial conditions 
W > d = fdq) = 93 for all q. 
This formula expresses fk(q) as the maximum over I of a function of 
fk-i(Z), so that the solution to problems of degree k can be computed in terms 
of solutions of degree k - 1. This formula was in fact used to compute a 
set of 1000 actual values offJC(q) f or all values of q in the range I to 100 and 
all values of k in the range 1 to 10. However such a set of solutions does not 
satisfy the number theorist, since he is interested in asymptotic behavior 
rather than in numerical results. In the next section we shall develop 
asymptotic formulae for class of dynamic programming formulae which 
includes the above formula. 
2. ASYMPTOTIC PROPERTIES 
Consider the dynamic programming problem characterised by the following 
recurrence relation: 
(1) 
subject to the initial condition 
f&7) = aq + 4 q = I, 2, . . . . 
For large q and I, the rate of change of fk(q) with Z can be approximated 
by the derivative 
The maximum value of Z is then given approximately by the equation 
y = @)fk-l(Z) + [@)Z + @)q + c(~)lf;-,(z) = 0 a! where f’ = z . 
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The solution of this equation for E would in general be laborious. However, 
the relation between 2 and q can be determined by expressing q in terms of I, 
and substituting asymptotic expressions for the terms involving 2. Thus, 
we have, 
(2) 
Now assume that for large q,fk(q) wpkqX: and verify this by induction. 
If fk-r(Z) ~p,-,Z~-l then fk-r(Z) -. (k - l)p,-,Zk-2, Substituting in (2) we 
have 
i.e., 
q - _ [a(k) + (k - lbmlPk-I P1 
(k - l)b(K)p,-, zk-2 
Hence we have asymptotically that 
- 2 ---- (k 1) V) 
k 44 ’ 
k = 2, 3, ,.. 
Substituting this value of Z in the original formula (l), we have, 
. b(k)q + b(k)q/ p,-, P-l = 7 ’ qple-1 I”-1 
using (3) we have 
fk(!d 
- !$a . (!$)“-’ . I- 2!@/k-1pk-l . q”, 
Thus if fk-l(q) -pkdlqk--l, 
then 
fk(!d - Pkqk, 
where 
pk = .!t$. (!T!#+’ I- xL~-lp,~, . 
Since fi(q) = uq + b, we have that f,(q) wp,qk holds for k = 1, with 
p, = a. 
This formula therefore holds by induction for all values of k. Moreover, 
since p, = u, the formula for p, above is recurrence formula for computing 
pk in terms of p,-, . 
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3. APPLICATION TO THE POSTAGE STAMP PROBLEM 
As an example of this class of dynamic programming formula, consider 
the following formula which arises in the postage stamp problem: 
f&d = max 2=1,2,...,g/2 {4fd)l(~ - 1) + (q - 2O(fk-d) + 1)lI 
subject to the initial conditions fi(q) = q. 
Here a(k) = -2K, b(k) = k, c(k) = k/k - 1, and there is an additional 
factor k(q - 21) which can be ignored for asymptotic purposes, i.e., it is 
linear in q and E and cannot therefore affect p, , p, , etc. 
From our previous discussion, we can say right away that fk(q) behaves 
asymptotically as qk. Moreover, since 
b(k) = A, b(k)/k = 1, --b(k)/a(K) = l/2 andp, = 1, 
the recurrence formula for p, becomes 
p, = (+)“-’ * (1/2)k-1 p,-, , 
i.e. 
p, = l/2 * l/2 *p, = l/4, 
p, = (2/3)2 * (1/2)2 *p, = l/3! . l/6, 
p, = (3/4)3 . (1/2)3 .p, = l/4! - 9/256, 
Pk ---N 
Pk-1 
for large k, 
i.e., the asymptotic behavior of the range generated by this dynamic program- 
ming formula is as follows: 
for k =2 w, 4) - w!z2 
for k =3 R(3, q) - l/3! * l/6$ 
for k =4 R(4,4) - l/4! - 912568. 
If we divide R(k, q) by the theoretical upper bound q”/k! we obtain the 
ratio of the actual asymptotic rate of increase to the upper bound on the rate 
of increase. This ratio will be called the efficiency El,. For given k the 
efficiency is independent of q. 
We have E, = l/2, E, = l/6, Ed = 91256. Finally, the ratio 
El, &‘,c k __ = - - e . 2-@-l), 
h--l Pk-1 
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4. MORE GENERAL ASYMPTOTIC FORMULAS 
The reasoning used above can be applied to a more general class of 
formulae. For instance, assume that 
(where a(k, Z) and b(k, I) are functions off,-,(l)), subject to the initial con- 
dition f&) = p(q). 
Differentiating with respect to I, we obtain the approximate value at which 
1 is maximized by the equation 
afdd a@, 4 ___ = 
al 
sk$4+qt_ = a,(k, E) + qh(k, I) = 0 
i.e., 
44 4 
Q=--. 
If a,@, E), W, 4 can be approximated asymptotically be a polynomial 
expansion in I, with a finite largest exponent, then we can write q in terms 
of 1 as 
q = p,o(P’“‘). 
Using this formula, we can obtain 1 as an asymptotic function of q. 
Substituting 4 for 1 in the formula for fk(q) gives the asymptotic relation 
between fk(q) and fkal(q). The asymptotic properties of fk(q) can now be 
built up for successive values of k by making use of the initial conditions 
for fdq). 
Finally, consider an even more general dynamic programming formula: 
f7dq) = l=yy, rl a(k, I, q) 2) > 
where u(k, I, q) is a function of f&Z), subject to the initial condition 
fi(4) = P(q)* 
We again find the approximate point at which 1 is maximised by differ- 
entiating with respect to 1, giving 
8fdq) - = u,(k, I, q) = 0. al 
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If p can be expressed as a power series in 1 with a finite largest exponent, 
the asymptotic relation between I and q can be found as before. 
Substitution in the formula for f&) then yields f&) as a function of 
fk-i(q), and the asymptotic properties offk(q) for successive values of q can 
be determined as before starting from the initial conditions forf,(p). 
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